The structure of the flow induced by the van der Waals destabilization of a non-wetting liquid film placed on a solid substrate is unraveled by means of theory and numerical simulations of the Stokes equations. Our analysis reveals that lubrication theory, which yields h min ∝ τ 1/5 where h min is the minimum film thickness and τ is the time until breakup, cannot be used to describe the local flow close to rupture. Instead, the slender lubrication solution is shown to experience a crossover to a universal self-similar solution of the Stokes equations that yields h min ∝ τ 1/3 , with an opening angle of 37 • off the solid.
The structure of the flow induced by the van der Waals destabilization of a non-wetting liquid film placed on a solid substrate is unraveled by means of theory and numerical simulations of the Stokes equations. Our analysis reveals that lubrication theory, which yields h min ∝ τ 1/5 where h min is the minimum film thickness and τ is the time until breakup, cannot be used to describe the local flow close to rupture. Instead, the slender lubrication solution is shown to experience a crossover to a universal self-similar solution of the Stokes equations that yields h min ∝ τ 1/3 , with an opening angle of 37 • off the solid.
A non-wetting liquid film placed on a solid substrate becomes unstable to infinitesimal surface waves when its thickness becomes smaller than about 100 nm, leading to a spinodal dewetting pathway coexistent with hole nucleation [1] [2] [3] [4] [5] [6] [7] [8] [9] . Spontaneous growth of perturbations takes place when the destabilizing van der Waals (vdW) forces exceed the stabilizing surface tension force, provided that the disturbance wavenumber is below a certain cut-off [10] [11] [12] . Previous theoretical efforts to describe the nonlinear dynamics leading to film rupture were based on lubrication theory [9, 13, 14] , which assumes that the longitudinal length scale is much larger than the film thickness, and provides models with simpler mathematical structure than the Navier-Stokes equations. Indeed, while the latter must be solved as a free boundary problem where the film thickness h is part of the solution, the former leads to a partial differential equation (PDE) for h as a function of the relevant spatial coordinates and time, that is physically transparent and more amenable to analysis.
In this Letter, through dimensional arguments, numerical computations and similarity theory, we reveal that the Stokes flow close to the rupture singularity provides results markedly different from previous ones based on lubrication theory [14] . Our local theory, motivated by dimensional analysis, is inspired by pioneering studies of singularities in free-surface flows without resorting to one-dimensional approximations of the equations of motion, in contexts like the breakup of liquid jets [15, 16] , or the ejection of jets from Faraday waves [17] .
Flow configuration.-Consider a planar film of Newtonian liquid of viscosity µ coating a solid surface that spans the (x, z) plane. As sketched in Fig. 1 the film, of initial height h o , is surrounded by a passive gaseous atmosphere at constant pressure, such that the gas-liquid interface has a surface tension σ , and is described by the function y = h(x,t). The liquid film, initially at rest, becomes unstable due to the long-range vdW forces, whose collective effects are modeled through a disjoining pressure, A/(6πh 3 ), with associated Hamaker constant A [18] , being A > 0 in the non-wetting case considered herein. The latter intermolecular force model, which considers only non-retarded vdW interactions, is the simplest one among a hierarchy of existing models to rationalize the experimental observations [4, 19, 20] . Note that, as argued in the Supplemental Material, liquid inertia is negligible under realistic experimental conditions. The cartesian componentes [21] . The free-surface shapes are plotted at the four time instants indicated with blue dots in Fig. 2(b) . The initial condition is h o /a(1 − 10 −3 cos 0.063 x), with an associated rupture time t R ≈ 1.3207501 × 10 4 (Fig. 2d ).
of the liquid velocity field in the (x, y) directions are (u, v), and the pressure field is p. Dimensional analysis.-Dimensional arguments suggest the existence of a similarity solution of the Stokes equations near contact that differs from the lubrication result [14] . Indeed, the parametric dependences of the longitudinal velocity, transverse velocity, pressure and film thickness are
where τ * = t * R − t * is the time remaining to rupture, and asterisks denote the dimensional versions of the flow variables. Taking (τ * , µ, A) as dimensional basis, the Buckingham Π theorem provides the reduced functional dependences,
where ture of the form
Governing equations.-The molecular length scale [21] , a = [A/(6πσ )] 1/2 , is taken as the relevant characteristic length scale for the ultrathin liquid films considered in the present work, together with µa/σ , σ /µ and A/(6πa 3 ) as time, velocity and pressure scales, respectively. The non-dimensional Stokes equations read
where u = (u, v), T = −pI +∇u+(∇u) T is the liquid stress tensor and φ = h −3 is the dimensionless vdW potential. The accompanying boundary conditions include the non-slip condition u = 0 at the solid wall y = 0 and
at the free surface y = h(x,t), with corresponding parametrization x s and unit normal vector n, accounting for the stress balance and the kinematics of the interface, respectively. In contrast with Stokes flow, the lubrication approximation provides the much simpler leading-order description
governing the evolution of the free surface under the smallslope assumption [13, 14] . Hereafter, subscripts will denote partial derivatives. Note that the dimensionless initial film thickness, h o /a, is the only governing parameter.
Flow evolution.-The equations of motion (9)- (11) were numerically integrated with the initial condition u = 0 and h(x, 0) = h o /a(1 − 10 −3 cos kx) for 0 < x < π/k, where k was chosen as the wavenumber of maximum amplification deduced from a linear stability analysis of (9)- (11), not reported here for conciseness. The additional symmetry conditions u = v x = 0 are imposed at the planes x = 0 and x = π/k. A detailed description of the numerical techniques can be found in the Supplemental Material. A representative numerical integration is presented in Fig. 1 for h o /a = 4.34. The slightly disturbed flat film profile departs from the initial condition by virtue of the destabilizing vdW forces in a self-accelerated process, leading to a rupture singularity in a finite time t R , whose precise computation involved an algebraic fitting procedure that took advantage of the anticipated power-law behavior h min ∝ τ 1/3 for τ → 0. Sample computations are depicted in Fig. 2 
, with an associated minimum thickness h min,c = K S (K L /K S ) 5/2 = 1.47. Indeed, the results of Fig. 2 for h o /a = 43.42 reveal that the evolution of h min (τ) obtained with the lubrication equation closely follows the Stokes result for τ ≥ τ 1/5 ≈ 10 3 with a scaling exponent of 1/5, followed by a long crossover for τ 1/3 ≤ τ ≤ τ 1/5 , and finally reaching the 1/3 power law for τ ≤ τ 1/3 ≈ 0.08. In terms of the minimum film thickness, the 1/5-scaling takes place for h min ≥ 3.63, the corrossover for 0.29 ≤ h min ≤ 3.63, and the 1/3-scaling for h min ≤ 0.29. The failure of lubrication theory to predict the last stages of the rupture behavior observed in Fig. 2 demands unraveling the local self-similar Stokes flow.
Self-similar solution.-Dimensional analysis suggests substituting the similarity ansatz
into (9)- (11) to elucidate the structure of the leading-order flow for τ → 0. The self-similar Stokes equations read
which must be integrated in 0 < ξ < ∞, 0 < η < f (ξ ), with the boundary conditions U = V = 0 at the wall η = 0, U = V ξ = 0 at the symmetry plane ξ = 0, 0 < η < f (0), and
at the unknown free surface η = f (ξ ). Notice that the leadingorder contribution of the normal component of (10) is O(τ −1 ), while the capillary pressure is O(τ −1/3 ). Thus, as anticipated by dimensional arguments, surface tension does not contribute to the normal-stress equilibrium at leading order as τ → 0.
The system of nonlinear elliptic PDEs (14)- (19) describing the local Stokes flow close to rupture is parameter-free. It is interesting to note that problems with similar mathematical structure appear in other free-surface flows like inertial focusing and jet breakup [15, 17] . The asymptotic description of film rupture is completed by specifying the far-field boundary conditions at ξ 2 + η 2 1, 0 < η < f (ξ ). Inspection of the kinematic boundary condition (19) reveals that f ∝ ξ for ξ 1 if U and V are subdominant. This suggests that the shape of the free surface sufficiently far from the origin, r 1, is a wedge θ = θ o , where (r, θ ) are polar coordinates such that ξ − ξ o = r cos θ and η = r sin θ , and (V r ,V θ ) are the associated radial and polar components of the velocity field. Insight of the far-field behavior was first obtained by numerically integrating (14)- (19) imposing a stress-free boundary condition sufficiently far from the origin, as explained in the Supplemental Material together with a detailed description of the numerical technique employed. The examination of the radial and polar velocity profiles along rays θ = constant revealed that V r ∼ V θ ∼ r −(1+λ ) for r 1, where λ is a positive constant smaller than unity. This suggests a far-field stream function of the form [22] 
Since ψ is biharmonic, F is seen to be the solution to the fourth-order linear homogeneous equation with the no slip condition F = F = 0 at θ = 0, and the vanishing normal, F + [4 + 3λ (2 + λ )]F = 0 and tangential, F − λ (2 + λ )F = 0 stress boundary conditions at θ = θ o . If λ were known, Eq. (20) together with the boundary conditions discussed above would constitute a closed eigenvalue problem for the universal angle θ o . However, λ is expected to be determined from the asymptotic matching with a nearfield description for ξ 1, which is beyond the scope of this work. We propose the following alternative: nontrivial solutions to (20) satisfying the boundary conditions exist if
which determines the pairs (θ o , λ ) classifying the family of allowed far-field solutions of the Stokes equations with a freesurface angle θ o . Thus one may i) extract θ o from a numerical integration of (14)- (19) with a stress-free far-field boundary condition and then obtain λ from (21) and ii) repeat the integration now imposing the far field variables entailed in the description of F. This iterative process converges very fast, and is stopped when the successive values of θ o differ less than a prescribed tolerance. The universal function f (ξ ) is represented in Fig. 3 together with rescaled film profiles h/τ 1/3 for h o /a = 4.34, along with the far-field behavior f = ξ tan θ o . The local expansion of the function f for ξ 1 has the form f = f (0) + f (0)ξ 2 + O(ξ 4 ) due to the symmetry of the interface, with coefficients f (0) = 0.66 and f (0) = 0.59. As a final self-similarity test, Fig. 4 displays isocontours of U(ξ , η) obtained from the solution of (14)-(19) (right), and from the temporal integration of (9)-(11) for log 10 τ = −4.62 (left), while the inset shows the corresponding profiles of x-and y-velocity along the interface.
Realizability of the self-similar regimes.-The self-similar lubrication and Stokes regimes prevail for h min (τ 1/5 ) > 3.63 and h min (τ 1/3 ) < 0.29, the latter values corresponding to dimensional minimum thicknesses of h * min > 3.63 a and h * min < (14)- (19) (right panel), and by using the rescaled velocity u τ 2/3 for log 10 τ = −4.62 extracted from the simulation of (9)- (11) (left panel; red dot in Fig. 1 ). The inset shows the values of U and V along the interface, together with the asympotic far-field law ξ −(1+λ ) for ξ 1.
0.29 a, respectively. Taking, for instance, A = 2.2 × 10 −20 J, σ = 3.8 × 10 −2 Jm −2 as representative values for ultrathin polymer films [5] provides a = 1.75Å. For h o = 4 nm [5] , the value of h o /a = 22.82 which, according to Fig. 2(b) , corresponds to a case where the self-similar lubrication regime is not established. The self-similar Stokes regime would be reached for h * min < 0.5Å, at which the continuum description is not valid. More importantly, short-range intermolecular forces, not taken into account in the present analysis, would become important at larger values of h * min . It is therefore concluded that, in the case of ultrathin polymer films, neither selfsimilar regime is experimentally realized.
Concluding remarks.-The self-similar solution obtained herein under Stokes flow arises from the same balance between viscous and vdW forces as in the lubrication theory of Zhang and Lister [14] . The failure of the slender description to account for the flow structure near breakup is due to the fact that tan θ o ≈ 0.75 ∼ 1. Indeed, the far-field shape of the interface is f → ξ 1/2 according to [14] , while we have shown that f → ξ . Although the leading-order lubrication theory does not describe the vdW-induced rupture of thin films correctly, a higher-order theory might yield more accurate results [23] . It is important to note that, regardless of the selfsimilar nature of the rupture dynamics, lubrication theory predicts an evolution for the liquid film that is markedly different from the Stokes description, as clearly evidenced by Fig. 2 . Indeed, this difference appears during the early stages after the onset of the vdW instability, and increases over time. In particular, the 1/5 power law predicted by lubrication theory is only accomplished transiently during a very short intermediate time interval prior to the crossover to the 1/3 power law described here for the first time.
Future prospects.-Natural extensions of our work include for instance the effect of wall slip [24] , the study of axisymmetric rupture [14, 25] , the breakup of free films [26] [27] [28] , the influence of surfactants [29, 30] , liquid-liquid dewetting [31] [32] [33] , the influence of polymer rheology [9] , and the effect of thermal noise [34] [35] [36] [37] . Of particular importance is the inclusion of more detailed models of intermolecular interactions [4, 19, 20, 38] , as required to account for the resulting dewetting patterns and their long-term coarsening [5, 39] .
The authors thank J. Rivero-Rodríguez and B. Scheid for key numerical advice, A.L. Sánchez, C. Martínez-Bazán and J.M. Gordillo for their enduring teaching and encouragement, W. Coenen for carefully reading the manuscript, and H.A. Stone for sharing his insights, and for his kind hospitality at the Complex Fluids Group, Princeton. This research was funded by the Spanish MINECO, Subdirección General de Gestión de Ayudas a la Investigación, through project DPI2015-71901-REDT, and by the Spanish MCIUAgencia Estatal de Investigación through project DPI2017-88201-C3-3-R, partly financed through FEDER European funds. A.M.-C. also acknowledges support from the Spanish MECD through the grant FPU16/02562 and to its associated program Ayudas a la Movilidad 2018 during his stay at Princeton University.
